Combinatorial proofs that 3(A.A) =F,
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1 Introduction

In this note we will show that if A C FX and |A| > p*° then A.A+ A.A+
A.A =T,. Perhaps the proof can be modified so that the exponent 4/5 can
be replaced with 3/4, thereby matching what we get using Fourier methods.

2 The proof

We will use a type of “second moment method”. To this end we find an exact
formula for

E = Z Z(|{x2,x4,x6 € A : mzotasrytasrs = x| —|A]P/p)*.

z1€A,x3,25€F, z€F,

First, define

S = Z Z |{113'2,1L'4,£L'6 € A T1X2 —l—l’3x4 _I_I»Sxﬁ — x}|2’

z1€A,x3,25€F, z€F,

and observe that
E =S — plAl".

So, we just need to find the value for S: we have that

S = Z o, 24, 16, 25, Ty, x5 € A ¢ w1 (wo—2h)+a3(xs—2)+25(06—25) = 0}
r1€A,x3,25€F),



For given xy, x9, x3, x4, Te, Th, Ty, vy With xg # x5, we have that there is a
unique w5 € IF,, such that

w1 (22 — 25) + w3(ws — 7)) + 25(26 — 75) = 0.
And if zg = xf then we get a solution if and only if
x1(xe — ) + 23(xs — 7)) = 0.

(And z5 can be any element of F,.)
It follows that

S = plAI°(|A]=1)+p|A]| Z o, 2, wq, 2 € A o 21 (x0—2h)+x3(s—27) = 0}].

r1€A,x3 €lFp

. , , , . . e
And now given z1, xo, x5, 14, )y, T4 # T}y, there is a unique z3 € IF, satisfying

x1(T9 — %) + 23(14 — 7)) = 0.
It follows that
S = plA"—plAP +p?|AP Z {zg, 25 € A+ 21(2p — 2h) = 0}
T1€EA

= plA]" = plAP + P A%

where here we have used the fact that 0 € A to obtain the value of this last
sum. Therefore,
E < pYAN

Suppose now that there exists an « € F,, that is not contained in 3(A.A).
Then,

> (Hooza26 € A ¢ mzatasvatasze = 2} —|AP/p)? = Y |A[S/p* = |AP/p*.
r1,r3,r5€A r1,r3,r5€A
In order for this to be less than our upper bound for £ we must have that
AP /p* < PPlAIY,
which implies
Al < p*°.
So, as long as |A| > p*/® we will have 3(4.A) =TF,.



