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Abstract

Let A¥(n) be the number of positive integers a coprime to n such
that the equation a/n = 1/mq+- - -4+1/my admits a solution in positive
integers (mq,...,my). We prove that the sum of A%(n) over n < z
is both > zlog®z and also < zlog®z. For the corresponding sum
where the a’s are counted with multiplicity of the number of solutions

we obtain the asymptotic formula. We also show that Af(n) < n®s+¢
l-—ag_1
24og_q”

where oy, is defined recursively by ag = 0 and ap =1 —

1 Introduction

An “Egyptian fraction representation” of a given rational a/n is a solution
in positive integers of the equation

e (1)

In case k = 2 we shall say it is a binary representation. A variety of questions
about these representations have been posed and studied. Some of these
require the m; to be distinct but we shall not impose such a condition. We
mention only a few of the many references and refer to the book by Guy [2]
for a survey on this topic and a more extensive list of references.

As one example, a well-known conjecture of Frdds, Straus and Schinzel
which is concerned with the “ternary” case states that when £k = 3 and a =4



the equation (1) has a solution for every given natural number n > 1. It is
easy to translate this into the problem of finding integer points on a family of
rational surfaces. Evidence for this conjecture was provided by Vaughan [5],
wherein, as an application of the large sieve it is shown that, if £,(z) counts
the number of n < z for which the equation a/n = 1/m;+1/my+1/m3 does
not have a solution, then

FE.(z) < zexp (—C’(a) log?/® :v) .

Here C'(a) is a positive number depending at most on a. His result was later
extended by Viola [6] to the case of general k.

In this note we change the point of view and instead of considering a fixed
and n varying, we let n be fixed and vary a. To this purpose, let us set

Ar(n) = #{a,equation (1) has a solution} .
Ai(n) = #{a,(a,n) = 1,equation (1) has a solution}.

In the binary case & = 2 we shall suppress the subscript and simply write
A(n), A*(n). Let us note that trivially A5(n) < Ag(n) < kn and that

A(n) = ) Ax(d). (2)

d|n

Furthermore Ag(n) > Ag_1(n), since any representation of length k —1 gives
rise to one of length k& by means of the trivial identity

LA — (3)

m m+1 m(m+1)

For the most part we shall concentrate on the binary case. Even in this
simplest case there does not seem to be very much known beyond two easily
proven criteria which we record for completeness. The first of these, which
is due to Bartos [1], is not a very easily accessible reference.

Lemma 1 Given a,n € N, the equation * = m% + mi has a solution for

integers my, my if and only if there exist positive inlegers ki, ky such that
kiky = n% aln + ki, and a|ln + ky. In such a case, the solutions are m; =

(n+ki)/a, my=(n+ka)/a.



Proof: (=) Set k; = am; — n. It is clear that a|n + k; and also that
kiky = (amy — n)(amq — n) = n? + a(amymy — n(my + my)) = n*.

(«<=) It is enough to check that

a a on + ki + ko _a -

Y Ry R Ny e N

We shall make repeated use of the second criterion, which has essentially
been discovered by a number of authors, for instance Rav [3].

Lemma 2 Consider fized positive integers a, n such that (a,n) = 1. Then
there is a one-to-one correspondence belween the solulions (mq,my) € N? of
the equation

a_ 1 4 1 (4)
noomp My
and the pairs (uy,uz) € N? with (u1,u2) = 1, uyugln and aluy + uy. Fur-
thermore if (a,n) > 1 and such a pair (uy,uz) exists then the equation has a
solution.

Proof of Lemma 2: Consider the map, say o, which takes the solution
(mq1,mq) to the pair (u1,uz) defined by u; = (m:“;nz)) for © = 1,2. Thus
(u1,uz) = 1 and it is clear that this pair cannot occur as the image of any

other solution (for that fraction a/n). Moreover, we have

a U1 + g

E - (ml, mg)u1u2 ’

Since (a,n) = 1, we clearly have a|uy + uz. As (u1,uz) = 1, it follows that
(u1+ug, urug) = 1, and so uguz|n. Thus the image of o lies inside the targeted
set and it remains to show the map is surjective. Suppose then that there
exist uy, uy with the described properties. Write n = cuqyuy and uqy + ug = ab
for suitable b,¢ € N. We have

a Uy + Uy 1 1

n beuqiug beuy  beus

Since the last argument applies irrespective of whether (a,n) = 1 this com-

pletes the proof of the lemma.
O

From Lemma 2 we deduce:



Corollary 3 For any € > 0 we have
A*(n) €< n° and A(n) < nf. (5)

Indeed, denoting as usual by 7(n) the number of positive integers dividing
n, and using the well-known bound 7(n) < n, we have

A*(n) < Z T(uy + ug) < nET(n)2 < n.

uq |n,ug |n
(u1,u2)=1

Furthermore, the second bound of (5) follows from the first since, by (2),

A(n) =Y A*(d) < n‘r(n) < n*.

d|n

Thus, the “probability” of a given proper fraction having a representation
of length two is extremely small. In the final section we shall see that a weaker
statement of the same nature holds in the case that “two” is replaced by any
fixed k.

We remark that the above bounds can be sharpened slightly. Specifically,
since log 7(n) < logn/loglog n, the above argument actually gives

log A*(n) <log A(n) < logn/loglog n.

In this form the bound is best possible apart from the implied constant. In-
deed, from the identity (3) it follows that every a dividing n+1 has a represen-
tation of type (4). Hence A*(n) > 7(n+1) so log A*(n) = Q(log n/loglogn).

On average the above estimates can be further improved. We shall show
the following:

Theorem 4 We have the bounds

zlog’z < ZA*(n) < zlog® .

Using the theorem together with (2) and a little partial summation it is
easy to give upper and lower bounds for the larger sum > . A(n) obtaining

in each case the bound z log® z.



It is (apparently) easier to evaluate the corresponding sum ) . B*(n)
where B*(n) = Y, B*(a,n) counts the number of solutions as a varies subject
to (a,n) =1 rather than just the number of such a for which solutions exist.
This 1s because of Lemma 2 which reduces that problem to counting the pairs
(u1,uz). If we normalize by counting only those solutions with m; < my the
result is

Theorem 5

Z B*(n) ~ —zlog’ z,

n<x

()

p prime

C
8

where

Throughout the paper p will always denote a prime. The proof we
give yields the asymptotic formula with an error term which saves a fac-
tor loglog xz. By modifying the argument somewhat we could save a fixed
power of log x.

We remark that we were able to prove the upper and lower bounds of
Theorem 4 with the explicit constants % and 1% respectively. It is obvious
that Theorem 5 implies the upper bound in Theorem 4. Nevertheless, in the

next section we shall give a direct proof by a much easier argument.

Much of the early work on this paper was accomplished while D. D. and J.
F. were visiting the Department of Mathematics, Universita Roma Tre with
partial support of G.N.S.A.G.A., Consiglio Nazionale delle Ricerche. D. D.
and A. H. were also supported in part by NSF/REU, and J. F. by NSERC

Canada .

2 Proof of the Upper bound

In this section we prove that

Z A*(n) < xlog’ z.

n<x



Interchanging the order of summation, we have by Lemma 2

» An) <) > oo

nsx QSQI uq ug < n<z
(uq,ug)=1, (n,a)=1,
w1 +ug =0( mod a) n=0( mod ujusy)

Even after the condition (n,a) =1 is discarded the innermost sum is <
Hence, discarding also the condition (u1,uz) = 1, we have

ZA*( <2xZZ— Z 1
n<z a<2z u1 <z “13“2§i% Uz

ug=—wuq( mod a)

uyuy

where we have labeled so that u; < uy (doubling to compensate). Therefore,
since u; + u = 0(mod a) and uy > uy, we have uy > 5.
Thus, the inner sum over us, is

1 1
<§:7 ~1
- Tja Sa B

0<;<z 2
and so
ZA* <<£L’Z Z—log:z:<<:1:log x. O
n<x a<2zx u1<a;

3 Proof of the Lower bound

It is also very easy to give a lower bound but, unlike the previous argument,
this one does not lead to the right order of magnitude. Specifically we have

Proposition 6 3 _ A*(n) > zlogz.

Proof: Take uy = p prime, say with 27 < p < zz. Consider those pairs
(u1, uz) with uquy = n and any alu; 4+ uy (other than a = 1). We have

Y Am) = Z T(p+m)—1)

nse L‘3 <p<1‘2
m;‘éO( rnod )

1
> zloga Z }—7>>J:log:1;. a

1 1
3 <p<z?

6



We were able to sharpen this bound to

log?:
N An) > et

n<x

wlog log z’

using an elaboration of the above simple idea. However the proof is not so
brief, yet the result still falls short of the right order. Hence we do not give
it here.

The problem with using Lemma 2 to find a lower bound is that some of
the pairs (a,n) give rise to more than one pair uy, u3. One might expect that
this multiplicity is, for @ > n®, almost always 0 or 1 and therefore that

» A*(n)~ ) B(n).

n<x n<x

This would solve our problem in view of our result for the latter sum.

Perhaps this can be proven. Certainly if a is sufficiently large there is no
such multiplicity and this fact will lead us to our lower bound in Theorem 4.
Specifically, we have:

Lemma 7 Suppose (a,n) = 1 and a > 2n*>. Then, there can be at most

one solution to

1 1
e e (6)

n mi mo

where my < my are positive inlegers.

Proof: First observe that any solution to (6) with m; < my must have

my < n'/? since

But then we must have that my > n2/3, since n divides m;m, and hence is
no larger than it.

Now suppose there is another solution (mj,m}) to (6). Then, m} # mq,

m} < n'/? and m/, > n??3, and so
1 < 1 < 1 Ly |1 1 < 1
n23 " mym! T my mi|  |mg  m) n2/3




which is impossible. Therefore there can be no second solution (m},m}) to

(6). O
We shall also need several special cases of the following result.

Lemma 8 Suppose that f is a non-negative multiplicative function which
takes the form

f(n) = H(lir%p)Jrc(;';;)J_..)’

where

le(p")| < BT, (7)
for all but finitely many primes p. Then,

> stia) = J@ AT (14 2220) 4 otsarrtatos®

(5,0)=1 plab

where the implied constant depends at most on f and B. We also have, for
any integer r > 0,

2. fgfia)(logja)’" = fia)@r[(HM) /ay(logv)rci—v

plab P

(5,0)=1

+ 0 (@ ((log ay)" + (log(7(b) log y))TJrl)) )

where now the implied constant may also depend on r.

Proof: It is possible to prove a result of this type using contour integration

and this would enable us to sharpen some of our error terms. However we

give an elementary proof more in keeping with the spirit of this work.
Define the multiplicative function g(n) = Hp|n (f(p) — 1) so that

fln) = 1(s)g(s)

s|n

and we have



> fla) = Z dYois)gls) = Y > ut(s)gls) Y wi(t)g(t)

s|ja JbS?i sla tly

J<y
(7,0)=1 (] b) 1 1 (t,a)=1

= S0 23 w0ul) = fle) X e 31

t<y <y
(] b) 1 (ta) 1 (t,ab)=1 t]y
(5,0)=1

To the innermost sum we apply the well-known elementary formula

Y- @E))—I-O(mm(r(b),y)), (8)
obtaining
> s = f@?Y Vi o(rarm) Y s
(] b) 1 (t,ab)=1 (t,ab)=1 (9)

Let P denote the set of those exceptional primes not satisfying (7), to-
gether with those primes for which p < B. Then P is a finite set and

> log(1+ lg(p)]) <5 1.
pEP

Thus

> pP(t)g(t)

t<z

log

§10gH<1—|—f—l———|— ) > log(1+ g(p)

p<z pEP

B
= Y —+0(1) = Bloglogz + O(1)
P

p<w

so we find, on exponentiating both sides, that

Z,u ) < log® z. (10)

t<z

Also, for ¢ a positive squarefree integer,

9



B B?
gl < JLlee)l TI (=+5+--
pEP p|t, pep p p
v _ 1
< B0 H (p— B) 1<<B,Et1—_6
plt, pgP

where v(t) = > 1. Thus,

plt

o0

t
Z pz(t)g( ) converges,

t
t=1

(t,ab)=1

and so

t<y t=1 t>y
(t,ab)=1 (t,ab)=1 (t,ab)=1
t
_ H(1+9<P>) 4 oS )) )
p [
ptab t>y

From (10) and partial summation we have that

S el « ey

t>y t Y
Combining this with (9) and (11), we find that
b
> o) = 1@ ZPTL (14 22 o+ Otrtar g )
J<y ptab

(5,0)=1

giving the first result of the lemma.
The second statement follows from the first by partial summation. For
the smallest part of the range, say ¢t < T', we first use the trivial upper bound

ST JGa) <Y fGa)

i<t

provided by

J<t
(5,0)=1

10



and then apply the first statement of the lemma and partial summation to the
latter sum. For the bulk of the range, T' <t < y, we apply partial summation
in the usual fashion. Choosing T' = 7(b) which is close to optimal we obtain
the result.

O

We are now ready to prove the lower bound in Theorem 4. ;From
Lemma 7 we can see immediately that for any 6 > 0

o Am) = Y > oL
n<lx 2023 <aczl =36 ujug<al=0, uy<uy n<z
uq +1E:1578‘2)(Tnlod a) m=0 U(lrﬁgzlulw)
Actually the lemma implies the stronger statement with 6 = 0 but it will
be convenient in what follows to take § small and positive thus restricting
ourselves to a smaller range of the variables.
We estimate the innermost sum using Lemma 8. We find that

a 1 1
EOETEDS (a) y Loy L
a U Uy

n<w 222/3 < g1 —36 up <z1—26
(ug,a)=1 (ug,uq)=1

and, writing uy + uy = ma we have

Samyse Y *OC(L;") Zuil % (12)

’rLSI’ 2z2/3<a<1‘1_35 u1<.r‘S 1<m§.r5
uq )=

Using again Lemma 8 we may bound below the innermost sum in (12) ob-
taining

1
Z RN p(u1) log z
m

U1
1§ms.r‘5
(m,uq)=1

and hence

ZA*(n) >;s xlogx Z (pc(zj) Z SOEL?).

n<z 2223 Ca< 138 ug <xb
(u1,a)=1

11



For this sum we may again use Lemma 8 to obtain

Z tpul ela )10gy,

u1 < <z
(u1,a)=1

Z A*(n) >5 zlog’ z Z LPZ(;L).

n<x 252/3 <q<p1—36

and thus,

To this last sum we again apply Lemma 8 to deduce that

2
a
g ('9(3)>>510g;r;,
a

2z2/3<a<1‘1—35

and so, as claimed, that

ZA* ) > xlog’ x.

n<x

4 Counting with multiplicity

In this section we give the proot of Theorem 5. More precisely we prove the
following general result from which Theorem 5 follows as the special case

A= 2zx.

Proposition 9 If A < +/2z, then

N A Loy log”
Z Z B*(a,n) Pl <§log :z;logA—glog A>+O<$loglog:ﬂ>7 (13)

n<r a<A
(a, n) 1

and if V2x < A < 2z, then

C log® log® A
Z Z B*(a,n) = P (— Oix—l—logwlog/llog(a;//l)—l— ogS )

n<x a<A
(a, n) 1
log® z
0( ) 14
+ xloglogm (14)

12



Here C' is, as stated earlier, given by

10+

P

and the result can be refined to give an error term O(x log™ z) for some
M < 3, perhaps M = 2.
Proof: First suppose A < +/2z. To prove (13) we shall estimate

S INTIED SRED SR O

n<z a<A a<A uwjup<z, ug<uy n<z
~ (emn)=1 - (ug,ug)=1 uqug|n
uy+u3=0 (mod a) (n,a)=1

The inner sum is equal to

v pla) O(min(7(a), z/(u1uz)).

Ui1U2 a

A little calculation shows that this error term, when summed over a, u;, and
uy, contributes O(z log® x). Thus,

Z Z (a,n) = J}Z Pla Z u11u2 + O(z:log2 ).

n<r a<A a<A uj ug <z,uy <ug
=~ (an)=1 (u1,uz)=1
u1+ugy =0 (mod a)

We make the change of variable from w3 to 7 where uy = ja — u; and then
split the range of j, obtaining for the inner sum over uy, us

1 1
DS Py Y el

ja —u
V2zfa<j<z/a “1(Ja u1)<$ ( ) 1<i<V/2z/a uyp <ja/2
1,5a)=1 (uq,ja)=1

In these sums we replace ja — uy by ja, estimate the error so obtained when
summed over the variables; it is O(zlog® x). This gives

Z Z (a,n) =a5 + 252+ O(x log® ) (15)

n<lr a<A
~ (a,n)=1

13



where

v(a) 1 1
Si=2, o = > — 16
1 <A a . ja W ( )

a< V2zfa<j<z/a “(‘il_ﬂ;(/l()J:al)

and

v(a) 1 1
soyH oy Loy L )
a<A 1<j<V2z/a J ug<ja/2 1
- (ug,5a)=1
From equation (8), supplemented by a trivial bound, one deduces using par-
tial summation that

1 ' :
Y- Mlogy + O(1 + log 7(ja)). (18)
uy <y UI ]a

(ug,ja)=1
We use this to estimate the inner sum in both 57 and S3. In both instances
the contribution of the error terms, when summed over 5 and «a, is bounded

by

<$z@ Z 10g(f(ja)) <z log” x

= ol ja log log

We remark that in this last step we have used the trivial bound for the divisor
function log(7(m)) < logm/loglog m whereas we really need only a bound
for this on average. It is this step which in the current argument sets the
limit for the error term in the proposition (and the theorem).

We are now left to estimate

Sit 5 = Z@ 3 %Mbg(:ﬁ/m

Ja
a<A V2z/a<i<z/a
p(a) Lega), .
— 1 2).
P L
Y R PN It

By Lemma 8 we obtain that

Yy LU a) = loga + o(—22)., (1)

a  ja aloglog x
V2zja<j<z/a J 8108

14



where

and also that

Z ’1 plja >log(]a/2) 24 <log4 - — log? a) + O<710g2$ )

log1
1§j§\/ﬂ/aja ja aloglog x

Thus, making these substitutions above, we have
log? log? log®
S Blam =2y o2 (et _Tea) o 108 1) g
a? 4 2

log log
n<x a<)A1 a<A & 108
(an

Applying again Lemma 8 we have
G
2

a<A

log"*t A 0 ( log"+? x)

log"a =C
& 4 r+1 log log

(21)

where C' is as before. Applying this for the cases r = 0 and r = 2 we deduce
from (20) that

e log?
Y Y B ( log? a:logA—glog A) +O<$1o;glo;x>'

n<r a<A
(a, n) 1

Now suppose that v2z < A < 2z. To prove the propositon in this case
we must estimate

ZZB*(a,n Z Z an—l-z Z

n<z a<lA n<r 1<a 5 n<r V2z<a<A
(a,n)=1 (a,n) (a,n)=1

For the former of these we have

Z Z B*(a,n) = %wloggsﬂ—l—O(z 10g3x ) (22)

log log x

15



by the result for the earlier case and it remains to treat the sum

Z Z B*(a,n) = Z Z Z 1.

nle V2z<a<A V2r<a<A wu2<z, u3<up n<z
(an)=1 - (ug,ug)=1 uqug|n
u)+uz=0 (mod a) (n,a)=1

We can estimate this in a way analogous to the previous case, and here it is
somewhat simpler since the sum

Z Z cz—ul7

1<5<V 2z /a /u1<]a/2
1,ja)=1

which appeared earlier, vanishes when a > v/2z. One can show, in exactly
the same way as before, that

Z Z (a,n) ==z Z wla) Z Z ——I—O:L'log:(:)

n<r 2z<a<A V2r<a< A 1<]<z/a u1<$/(]<ﬂ
(a,n)=1 - (u1,5a)=1

Here the inner sum was estimated in equation (18). ;From this we obtain
that the right side above 1is

Z pla Z LP log x/(ya))—l—O(xlolggliogZ).

V2z<a<A 1<]<z/a

The inner sum here is similar to (19) and by Lemma 8 is equal to
c log® =
£ Jog? O(—22)
2 8 (w/a) + aloglogz/’

where ¢, is as defined earlier. Thus we have

. _ ¢ pla) log® =
Z Z B*(a,n) ==z Z 5 log” (:L’/a)—l-O( m)a

n<zr V2z<a<A V2r<a<A
(a,n)=1 -

which by (21) is equal to

3 3
Q[L‘ —llong + log_ 4 + log x log Alog(z/A) ) + O(J:logix)
3 loglog x

By combining this with (22) we complete the proof of the proposition.

16



5 The case k£ > 2.

Lacking in this case a characterization comparable to that given in Lemma 2
we were not even able to prove that Aj(n) < n® for k& > 2 although it is
reasonable to suspect that this might be the right estimate. We can prove
the following much weaker result:

Proposition 10 Lel k > 1 be an integer and lel oy be the sequence defined
recursively by a; = 0, ap = 1 — Z_z’;j so thalt az = 1/2,a4 = 4/5,a5 =

13/14,.... Then for every ¢ > 0,
Ag(n) < no+te

where the implied constant depends on k and e.

Proof: We have already proven the result for £ = 2 in (5), so we next assume
that the conclusion holds for £k — 1. If @ € N is such that % = m% 4+ 4+ mik
where, without loss of generality, m; < my < .-+ < my then it is easy to
verify that 2<my < %”

Let us fix some 3 > 0 to be determined and consider an integer a > n”.
By the preceding argument, we have that m; < kn'=?. Therefore, applying

the inductive hypothesis to AR = Tr% + -+ mik, we obtain
Ag(n) < Z Ap_1(nmy) +n”
my <knl—F
Lo noFo1TE Z mfk_ﬁ% +n”
my <knl—F8

<<k . nak—1+§ . n(l—ﬁ)(1+ak—l+§) _I_ nﬁ
We can arrange that the right-hand side is <, n®*¢ by choosing
ar =B =ap1+ (1= 8)(1+ap1),

H20k-1  The assertion follows. .

24ag_1
We remark that it would not be difficult to adapt the proof of the upper
bound to show that

that is ap =

Z Ai(n) < z'Torlogh &

n<z
with an appropriate value 3;. However this is still rather far from the ex-
pected order of magnitude.

17
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