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Abstract

In this paper we prove a basic theorem which says that if the tail of the spectral L? norm of a function
f :Fpn — [0,1] is sufficiently small (i.e. the function f is “sufficiently smooth”), then there are lots of
arithmetic progressions m, m + d, m + 2d where

fm)f(m+d)f(m+2d) > 0.

If f were an indicator function for some set S, then this would be saying that S has many three-term
arithmetic progressions.

In principle this theorem can be applied to sets having very low density, where |S| is around p
for some small v > 0.

Furthermore, we show that if g : F,n — [0, 1] is majorized by f, and E(g) is not too “small”, then in
fact there are lots of progressions m, m + d,m + 2d where f(m)g(m + d)f(m + 2d) > 0.

n(l—>)

1 Introduction

Suppose that p is a prime number, and n > 1 is an integer. Let F denote the finite field F,» and set
F = |F|. Suppose that
f:F — [0,1].

We will use the expectation operator, defined to be
E(f) = F '), f(m).

For an a € F we will denote the Fourier transform of f at a as follows
fla) = X f(m)w™,

where w = €™/ and where a - m denotes the dot product of a and m with respect to the standard F,
basis for F.

Write F = {a1, ..., ar }, where the a; are ordered so that
[fa)] > [f(a2)] = -+ > |f(ar)l.
For convenience we set f; = f(ai); and thus,
Al = - = [fFl

We also define
0 = 2i<j§F|fj|27



which is the tail of the spectral L? norm of f
As a consequence of Parseval we have that if E(f) = 3, then

eForalli=1,..,F, o; <BF%
e Given ¢ € (0,1], the number of indices i = 1, ..., F such that |f;| > eF is at most 3¢2.

There are certain functions which have a lot fewer “large” Fourier coefficients as predicted by this
second application of Parseval; for example, suppose that S is a subset of F having SF elements, and set

1
f(m) = W(S*S)(m)-

Then, f(m) is supported on the elements of S 4+ S, and clearly takes on values in [0, 1]; also, E(f) = 3.
Now, if
; 1S(a)?
If(a)] = > ¢eF,
||

then .

1S@)* > eBF*;
and, by Parseval one can easily show that the number of a € F with this property is at most e ~1, which
is better than the Be™2 claimed after the second bullet above (at least for fixed 3 and small enough ¢).

Furthermore, the o; satisfy a sharper inequality than just o; < AFZ2. In fact, if ¢ is chosen so that
|fil < eF, then we will have

18P

Oi = sz'gjgﬂg(aj)ﬁ < eF?.

If we were to take f to be something like

= L kO k m

we would get even sharper inequalities.

The main theorem of our paper will show that functions like f above must always be rich in three-
term arithmetic progressions in a certain sense (at least if f is smooth enough — in fact, we will require f
to be even smoother than the two examples above); actually, it will show even more — it will show that
there are lots of such three-term progressions that pass through dense subsets where f is positive.

Two motivations for the results in the present paper are: First, Roth iteration, the primary Fourier-
analytic method for proving that sets have three-term arithmetic progressions, does not work when the
underlying set (or set-like function f : Fpn — [0,1]) has very low density, because only n iterations
can be used, which in turn limits the method to densities > ¢/n, where ¢ = ¢(p) > 0. In order to
prove stronger theorems using Fourier methods, then, one needs to branch out with new approaches —
the present paper does not use Roth iteration to prove its results. Second, although there are certain
isolated results on “smooth functions” or “smooth sets”, which say, for example, that sumsets A + A
have arithmetic progressions (see, for example, [1], [3], [7], and [8]), as well as results which say that
dense subsets of random or pseudorandom sets (which are a type of smooth function, since they have
only one large Fourier coefficient; though, they are not smooth in the sense that we use in the present
paper) have arithmetic progressions (see [5] and [4]), there is no general theory that tells one when such
sets have arithmetic progressions based purely on the decay properties of their Fourier transforms.

Rather than starting with the statement of this theorem, we will begin by stating one of its corollaries
that is easy to parse. First, we introduce some more notation: Given fi, f2, f3 : F — C, define

As(f1,f2o, f3) = Ema(fi(m)fa(m +d)fs(m + 2d))
= F7°Y, afim) f2(m + d) fs(m + 2d).

If all three of our functions f1, f2, f3 are the same function f, then we use the abbreviated notation

AB(f) = A3(f7f7f)



We note that the trivial progressions m,m,m provide the trivial lower bound
As(f) = E(f)*F

We also define the usual norms (and quasinorms for ¢ < 1)

1/t

Il = (Sals@r) "

The corollary alluded to above is as follows.

Corollary 1 Suppose f,g: F — [0,1], and that

For all m € F, f(m) > g(m) > 0; and, E(f) > E(g) > F~°.

Then, if
’ fllys < F,

we will have that
As(f,9,0)s Nslg, f,f) = 107 0p 10p 712070,

Remark 1. It is possible to prove a similar results for quasinorms higher than 1/3; however, our method
will not give good results for quasinorms 1/2 or higher.

Remark 2. An example of a function f where this theorem gives non-trivial results is as follows: First,
let S be a subset of F having F?%/1% elements. Then, define

f(m) = |S|7(S*S%S %S S8 x%S)(m)
Note that f : F — [0, 1], E(f) = E(S), and f is supported on the sumset S+S+S+S+S+5+S5. Now,
If@] = ISI"°15(a)[;
and, using Parseval, we find that the number of places a where
5(a)] = 27'F

is bounded from above by F /100927 Thys,

f o0 j .\ 3
||f||1/3 < |5|76 (2j202—7g/3F7/3(F71/100221))

< L3100

Applying Corollary 1, it is easy to see that there are lots of m and d # 0 such that
fm)fm+d)f(m+2d) > 0.

Of course, it is fairly easy to prove non-trivial lower bounds for As(f) without using this corollary
(see [2]); however, the ideas in the corollary that give these lower bounds are different from these other
methods (in the Fourier setting the ideas in [2] amount to forcing the Fourier transform f(a) to be a
non-negative real number at all places a; this is quite different from the ideas that lead to the proof of
the above corollary).

Remark 3. One way in which this corollary is different from others in the theory of arithmetic pro-
gressions (e.g. [6]), is that it produces lower bounds for Asz(f) for when E(f) is quite small. However,
note that the condition that ||f||; /3 is “small” is a very strong requirement, only satisfied by certain
special “smooth” functions, whereas Meshulam’s result [6] holds for arbitrary general functions f where

E(f) > cp/n.

The main theorem from which the above corollary follows is:



Theorem 1 Suppose that f,g : F — [0, 1] satisfy
f(m) > g(m) > 0, and E(f) > E(g) > max(F~’, 8~ "%k,

and
or < (52.F27
for some k > 1. Then,

-1
As(f,9, 1), Aslg, f, f) = p? (I;) F49 /128 — 95F % /8.

Remark 4. One way that one can see how this theorem is much stronger than the above corollary is as
follows: Say we start with f such that || f||; /3 is small enough so that the corollary implies there are lots
of m,d such that f(m)g(m + d)f(m + 2d) > 0. Now suppose we change the value of f(m) at just one
place m; then, ||f||1/3 may no longer be all that small, and the corollary will give only a trivial lower
bound for As(f, g, f); however, in a lot of cases, the change to just one (or in fact many) value of f(m)
has little affect on the value of ok, and so has little affect on the conclusion given by the above theorem.

It would be good if we could have m, m + d, m 4+ 2d all three belong to certain special dense subsets
of F (subsets A of F such that E(f(m)A(m)) > ¢ > 0); however, this appears to be a very difficult and
delicate problem to solve, and would require new ideas in addition to the ones in this paper.

We close the introduction of this paper with the following conjecture, which is motivated by the above
theorem. We keep the conjecture intentionally vague:

Conjecture. Suppose f :F — [0,1], and E(f) > F~?. Let k = k() denote the number of places a € F
where |f(a)| > £F. Then, one can obtain a non-trivial bound for As(f) purely in terms of ¢, k, and
0. Basically, what we are asking is a bound of the type appearing in the above theorem, except that it
should not depend on the tail of the spectral L? norm of f — it should only depend on basic information
about the large Fourier coefficients; and, it should give good results when there are only very few large
Fourier coefficients.

2 Proof of Theorem 1 and its corollary

2.1 Proof of Corollary 1

We first note that from the bound A
Fllys < FH7,

we deduce

F1+"/
Ifil < e
From this it follows that
242+ .—6 242y [ 6 _ P22
o < F 2j2k+1j < F r dr = 55
k

Thus,
o < 8°F% ford = (21@5/2)71F7.

From Theorem 1 we deduce that

-1
As (f7 9, f) > p72 <§> F*49/128 _ 9]€75/2F729+7/16_

> p kiR )64 — 9k /P20 /16
The value of £ which maximizes this last quantity is
k = 2025p*F*+27,
and it produces the lower bound

As(f,g,f) = 1071010 1204y



2.2 Notations and preliminary lemmas

Let
A = {a17...7ak}.
denote the set of places corresponding to fi,..., fx; that is,
fi = fla:).
Note that because we can have |f;| = |f;], the set A is not well defined; nonetheless, for the purposes of
our proof all we need is that fi,..., fr correspond to any set of k largest Fourier coefficients of f. Also,
let

B:=A-A={a—b: abe A}.
We seek a subspace W of F such that

e At least a quarter of the translates ¢ € IF (actually, we only need consider ¢t € WJ‘) satisfy

Yimerswy(m) > E(g)|W|/2. (1)

e If V denotes the orthogonal complement of W, then there are no non-zero elements of B that lie in
V; that is,
BnV ={0}. (2)
What this would imply is that all the cosets a + V', a € A, are distinct.
e We want W to have small dimension.

We will show that there is a subspace W satisfying the first two bullets above, where |W| = p”, (so,
n' is the dimension of W), where

1+ (logp)~ " log <§> < n' < 2+ (logp) 'log <§>
To this end, we let S denote the set of all subspaces of F having this dimension n’.

We begin with a lemma.

Lemma 1 If we pick a subpace W € S at random (using uniform measures), we will have that if
V =W, then

B nV = {0}
holds with probability at least 1/2.

Proof of the Lemma. Given a random subspace V of codimension n’ (chosen with the uniform
measure), the probability that some fixed element b € B, b # 0, lies in V will be

|V|—1 _pnfnl_l
F—-1  pn—1"

This follows because 0 lies in every subspace, and if we eliminate it, we are left with F'—1 elements in our
field; and, each non-zero element of the field is just as likely to be in a random subspace V as any other
element — since there are |V| — 1 non-zero elements of V, this gives the probability (|V| —1)/(F — 1).

Thus, since there are at most (;) pairs {b, —b} C B (which is all we need to consider, since b € V if
and only if —b € V'), the probability that no b € B, b # 0, lies in V is at least

E\pm ™ —1 E\ .
1 - _ 1 - .
This last quantity exceeds 1/2 whenever
’ 1 k
n'" > 14 (logp)  log <2>

This Lemma 1 is what allows us to produce subspaces V satisfying (2); however, the following lemma
will be needed to get (1) to hold:



Lemma 2 Jf
E(g) > 8p~ "%k,

then if t € F and W € S are chosen independently at random using uniform measures, we will have that
(1) holds with probability exceeding 3/4.

Proof of the Lemma. The proof of this corollary is via Chebychev’s inequality: Suppose we select
t € F and W € S independently at random using uniform measures. Define the random variable

X = Zm€t+Wg(m)'

To prove our corollary it suffices to show that
Prob(|X — [W[E(g)| > [WI[E(9)/2) < 1/4.

To prove this using Chebychev, we first consider

2

2 —1 -1
E(X?) = |87 F " LierDwes (Lmersws(m))
On expanding out this square, we are left to estimate

Eml,m2€]Fg(m1)g(m2)E twyeFxs 1.

mq,mgEt+W
It is easy to see that this equals

Zml,mgeﬂ"g(ml)g(mz)z wes D) rer L
mi—moEW my—tew
(Note that in this final inner sum we get that if mq — ¢t € W, then ma —t € W as well, because
my —mg € W.) Clearly, given W and m, there are |IW| choices for ¢ € F such that m; —¢ € W; and so,

the sum is

Zml,mgeﬂ"g(ml)g(mz)z wes |W|

mi—mo €W
To bound this from above, we consider the case where mi = mo seperate from the case mi # ma:
The contribution of all m1, ms where mi; = may is

2 n+n'
Yimerg(m)?|S||W] < FIS|[W| = |S]p"*™.
The contribution of all unequal pairs m1,ms2 is at most

wW|—-1
Sy maceg(ma)g(ms) ] w 21

= < 1S T s rg(ma)g(m2)
= |Sp™ T E(g)*.
So, we deduce that
E(X?) < IS FT (1S EG) + ISl )

= p"E(g)*+p".

We also have that

E(X) = |S|71F71ZWESZtGFZmEt+Wg(m)
= ST F T Y erg(m) Diwesda eer 1
met+W
= |S|71F712mng(m)ZWES|W|
= p"Eg).

So, we deduce that
Var(X) = E(X?) —E(X)?

Chebychev’s inequality then gives that

IA
%ﬂ

- 4Var(X 4 1
PIX —EX)>EX)/2) < 5rgeye S p7EEE < 1



provided

—1
E(g)? > 64p k™2 > 16p " (’;) > 16p~".

A corollary of both Lemmas 1 and 2 is as follows:

Corollary 2 Suppose that
E(g) > 8p 2k

Then, there ezists a subspace W € S such that
e Equation (2) holds for V.= W= and,
o At least F/4 of the translates t € F satisfy (1).

Proof of the Corollary. Suppose we select (¢, W) € F x S at random using the uniform measure. Let

E be the event that (2) holds for V = W=, and let F3 be the event that (1) holds. Then,

PUELED) 5 pg)+P(E) - 1.

P(E; | B1) = P(E) 2

By Lemma 1 we have P(E1) > 1/2, and by Lemma 2 we have P(E2) > 3/4; and so,
]P)(Ez | El) > 1/4.

It follows that some W € S has the property that (2) holds and that (1) holds for at least F'/4 translates
teF. |

2.3 Construction of the subspace V' and the coset t + W

Let W be one of the subspaces described by Corollary 2. Then, suppose ¢t € F, and define a := a¢ : F —
{0,1} to be the indicator function for the coset ¢t + W; that is,

a(m) = 1, ifmet+W;
T lo0, ifmgttw

If we let V = W, then the Fourier transform of « is given by
i(a) = [W|w*t, ifa€V;
ola) = 0, ifaglV.
Let
h(m) = (faxV)(m) = Yap-n(fa)(@V(®) = Dey(fa)(m —b),

where V (b) denotes the indicator function for V. If w & W, then h(w) = 0 (because V(w) = 0 in that
case); however, if w € W, then the Fourier transform of h is given by

~ —

hw) = (fa)(w)V(w)
1 ~ . A~
= @V
= |LF|Zu1+u2:wf(ul)&(u2)
- LF'W'Zugeva(w—“Z)WWt
= Doevfw o™ ®)

We will now show that there is a choice for ¢ € F which guarantees that the large Fourier spectrum
of h(m) is ‘close’ to that of f(m + t): First, split W into the union of the sets Wi and Wa, where Wi
is the set of all w € W such that the coset w + V' contains some element of A (which must be unique);
W> is the remaining elements of W. We use the notations v(z) and w(x) to denote the unique pair of
elements of V' and W, respectively, such that

z = v(z) +w(z).



Note that if x € A, then w(x) € Wi.
We seek t € F such that the following three things all hold:

e We have that

Yaealb(w(a) — w™ " f(a))* < 46°F2. (4)
e We have that
Dwew, lh(w)* < 46°F2, (5)
e Finally, we want that
Yimerpwg(m) > E(g)|W|/2. (6)

One condition guaranteeing the first two bullets is
Dacalb(w(@) —w™ W f@)F + Vew,|h(w)]® < 46°F>. (7

From our formula (3) we get that if we sum the first sum in (7) over ¢ € V, we get
Ytev Dacalh(w(a) —w ™" f(a)?
2
= ZaeAZteV Z veV f('l) + w(a))w77j-t

v£v(a)

= ZaEAZ v1,v2€V Ztevf(vl + w(a))f(vg + w(a))wi(vlivzw

vy,vg#v(a)

VSacaZ sev 1f0+u(@)) ®)

If we sum the second sum in (7) over ¢t € V, we get

ZwEWQ ZULUQEVZtEVf(Ul + w)f(l)z + w)wi(vlivﬁ't

= VIXwew, Loevl f(v+w)*, (9)
The quantities in (8) and (9) sum to
VIS oes F@F = [Viow. (10)

Since the left-hand-side of (7) is invariant under translating ¢ by any element of W, we deduce that if we
extend the sum of the left-hand-side of (7) from all ¢t € V' to all ¢ € F, this sum is bounded from above
by Foy, (instead of |V]oy as in (10) ).

Now, if we let T' denote the set of ¢ € F for which (1) holds, then we note that |T'| > F'/4; and, the
sum over all ¢t € T C F of the left-hand-side of (7) is bounded from above by the sum over all ¢ € F,
which is Foy. It follows by simple averaging that there exists t € T such that

Vaealh(@@) =™ f@)f + Duew,hw) < 7= < 4o

and so, for this ¢ € T we will have that both (4) and (5) hold; and, trivially, (6) holds by virtue of the
fact that t € T'.

24 Anmet+W, g(m) >0 is a midpoint of many arithmetic progres-
sions

Now select m € t + W such that
g(m) > E(g)/2.

(By (1) it is obvious such m exists.) We will show that

S f(m — d)g(m) f(m +d) is large.



To do this we just need to show that

Yaf(m —d)f(m+d) is large.
Expressing this in terms of Fourier transforms, we find that it equals
FY fa)Pw ™ = F'Y,caf(@)e ™ + B, (11)
where the error E satisfies
B < F'Y 1 f? = Flow < §°F.
We now compare the final sum in (11) with the following:
FY, cah(w(a)) 2w @2, (12)

From the Cauchy-Schwarz inequality, we find that these two sums (12) and the final sum in (11) differ
by at most

/2

F (ZaeAm(w(a)) - f(a)w*““*ﬂz)l (ZaeAlﬁ(w(a)) + f(a)w’”(““lz)m-

Using (4) and Parseval we find that this is at most

F~Y(20F)(2F) = 46F.

Next, observe that since m € t + W, we have that
a-m = v(a)-m+wa)-m = v(a) t+wa) m;

and so, the sum in (12) equals
F' Y peah(w(a))’w 0@,

We wish to extend this to a sum over all the elements of I, and to do this we use the error estimate
(5) to deduce that this sum equals

F 2, () w™™ + E, (13)

where )
|E'] < F7' Y ew, lh(w)® < 46°F.

Now, we can interpret the sum in (13) purely in terms of combinatorial properties of h: The sum
equals

Y ah(m — d)h(m + d).
Using the fact that h is translation-invariant by elements of V', we find that the sum is at least
Yaevh(m —dh(m+d) = h(m)*Ygevl = h(m)’|V]
= fm)*|V].

This last equality holds since h and f are equal on the coset ¢t + W.

Putting together all our estimates, we find that
Sofm—dfm+d) > fm)?|V] - 46°F — 40F — 6°F
g(m)*[V| — 95F
E(g)*|V|/4 — 95F.

AV



2.5 From one midpoint to many

We can repeat the argument in the previous subsection many times for different values of m. The idea
is to reassign g(m) to 0, to produce the new function

() = { g(x), ife#tm

0, if x =m.
Then, we find a different mo where ga(m2) > E(g2)/2, and where
Yaf(mz —d)f(m2+d) > E(g2)*|V]/4 - 95F.

Thus, we will produce a sequence of functions g1 := g,g2,93,...,9r, and a sequence of numbers
ma, ms, ...,m, where r > E(g)F/2, each E(g;) > E(g)/2, and gi(m;) > E(g:)/2 > E(g)/4. We can
conclude from this that

As(fog f) = FP00(E(gi)°p" " /4 — 95F)(E(9)/4)
F(E(9)F/2)(E(g)/4)(E(9)*p" ™" /16 — 96 F)
E(g)'(128p" )" — 95E(9)*/8

-1
p? <I;> F~*% /128 —96F~%%/8,

Y

The proof for As(g, f, f) is nearly identical; the only difference is that in this case we need to bound

F7'Y . f(a) f(—2a)"™, (14)
instead of R
FTY.f(a) w2, (15)
The methods we apply above work equally well for (14) as they do for (15). [ ]
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