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1 Introduction

Before we state our main theorems, we begin with some notation: given a
finite subset A of some commutative ring, we let A + A denote the set of
sums a + b, where a,b € A; and, we let A.A denote the set of products ab,
a,b € A. When three or more sums or products are used, we let kA denote
the k-fold sumset A+ A+ ---+ A, and let A® denote the k-fold product set
A.A.. A. Lastly, by d * A we mean the set A dilated by the scalar d, which
is just the set da, a € A.

The theory of sum-product inequalities has an interesting history, and
began with the theorem of Erdds and Szemerédi [11], which says that for
some £ > 0 and n > ng(e), we have that for any set A of n real numbers,
either the sumset A 4+ A or the product set A.A has at least n'!*¢ elements.
Further improvements to this result were achieved by Nathanson [17], Ford
[12], Elekes [8], and finally Solymosi [19] and [20].

Another type of theorem that one can prove regarding sums and products
is to assume that either the sumset A+ A is near to being as small as possible
(near to m), and then to show that A.A must be near to n?; or, one can
suppose that the product set A.A is small, and show that the sumset A+ A
is large. Furthermore, one can consider k-fold sums and products here. Some
quite interesting results along these lines were produced by Chang [5], [6],
Elekes-Ruzsa [10], Elekes-Nathanson-Ruzsa [9], and Jones-Rudnev [16].



There are also some related analogues in finite fields similar to these just
mentioned. For example, [3], [13], [14], [15] and [21].

Continuing with the characteristic 0 case, Chang and Bourgain proved
the following results on k-fold sums and products: Chang [4] showed that if
Ais a set of n integers, and |A.A| < n'*¢, then the sumset |kA| > n*~,
where 0 — 0 as ¢ — 0. And then Chang and Bourgain [2] showed that for
any b > 1, there exists k£ > 1 such that if A is a set of n integers,

|kA| - |A®| > nb.

In both of these results, we would like to have that they hold for the real
numbers (or even the complex numbers), instead of just the integers. Unfor-
tunately, this appears to be out of reach at the moment.

The purpose of the present paper is to present some results towards this
end. Specifically, we will prove the following two theorems.

Theorem 1 For all h > 2 and 0 < € < g9(h) we have that the following
holds for all n > ng(h,€): if A is a set of n real numbers and

IA.Al < nite

then
‘hA| > nlog(h/2)/210g2+1/2—fh(€)’

where fr(e) — 0 as e — 0.

If instead of showing that hA is large, we just want to show that h(A.A)
is large, we can prove a much stronger theorem:

Theorem 2 Under the same hypotheses on A as in the theorem above, we
have that

h(AA)| = |AA+AA+-+AAl > p0/1sM'?)

Here, and in later sections, the notation f(x) = Q(g(z)) will simply mean
that g(z) = O(f(x)); that is, up to a constant factor, f(z) grows at least as
fast as g(z) as © — oo.



1.1 Some remarks

While the methods in the present paper will need substantial modification to
come anywhere near to proving an analogue of [4] for the real numbers, we
feel that it might be possible to achieve bounds as good in Theorem 1 above
as we have in Theorem 2. Although this too will require a lot of work, we
feel that we have a few good ideas on how to actually achieve it.

It is also worth remarking that we have several different approaches to
proving a theorem of the quality of Theorem 1. In particular, it is possi-
ble to use an iterative argument involving the Szemerédi-Trotter theorem, a
Szemerédi cube lemma similar to Lemma 3 below, and some “energy argu-
ments”, to achieve similar such bounds. However, it is not as easy to see
how one might go about modifying such an “incidence proof” of Theorem 1
to achieve bounds as good as in Theorem 2.

2 Preliminary lemmas and results

First, in the proofs of both theorems, we will assume that all the elements of
A are positive. The reason we can assume this is that either at least (n—1)/2
elements of A are all positive, or at least (n — 1)/2 are all negative. If we
are in the negative case here, we just let A’ be the negative of these negative
elements; and otherwise, we just let A’ be these (n — 1)/2 positive elements.
Then, we simply prove our theorem using A’ in place of A. The effect of the
lost factor of 2 will be negligible.

The proof of Theorem 2 will require the following result of Wooley [22]
(see also Borwein-Erdélyi-Kés [1] for some related results).

Theorem 3 For every k > 1, there exist two distinct sets

{1'1,...,1'8}, {yla"'ays} g Z

of
s < (K*/2)(logk + loglog k + O(1))

(when k =1 we just delete the loglogk term) distinct integers in each, such

that i 5
doal = >yl forall j=1,..k
=1

i=1



but that

28: zith iyf“-

i=1 =1

For the purposes of our paper, we actually require the following corollary
of this theorem.

Corollary 1 For all integers j > 1, there exists a monic polynomial f(x),
having only the coefficients 0,1, and —1, having at most

§%(log j + loglog j + O(1))

(again, if j = 1 we just delete the loglogj term) non-zero terms, such that
f(z) vanishes at x =1 to order j, but not to order j + 1.

Since the number of terms of this polynomial depends only on j, it follows
that if one performs a Taylor expansion of this polynomial about x = 1, one

will find that
d

fl@) = ) ale—1), d=deg(f),
i=j
where ¢; # 0, and each c; in turn is either 0 or its absolute value can be
bounded from below by some function of j alone (the degree d depends on j).

Proof of the Corollary. Basically, we just use the well-known fact that a

polynomial

TEED SN ¥
i=1 i=1
vanishes to order j at x = 1 if and only if f and its first j — 1 derivatives
vanish at x = 1, where the /th derivative evaluated at 1 looks like

in(xi—n.-.(%—eﬂ) - Zyi(yi—1)~-~(yi—€+1).

Clearly, having all these be 0, for £ =0,1,...,5 — 1, is equivalent to having a
solution to the “Tarry-Escott Problem” considered by Wooley in Theorem 3
above.

One small remaining point to consider is the fact that some of the z;’s and
y;’s could be negative (meaning that the f above is a Laurent polynomial,
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not a polynomial). That is easily fixed by multiplying f by an appropriate
power of x, which does not affect the vanishing properties at © = 1.

The fact that the non-zero coefficients among |c;l, ..., |cq| can be bounded
from below by a function of j follows from the fact that the degree d of the
polynomial is a function of j, along with the fact that for i = 7, ..., d we have
that if ¢; # 0, then

] = |fP)/) > 1/it > 1/d!.
|

Another major theorem that we will require is the Ruzsa-Plunnecke in-
equality [18].

Theorem 4 Suppose that A is a finite subset of an additive abelian group.

Then, if
A+ Al < KA

we will have that for all integers k, € > 1,
kA —(A] = [A+ A+ +A-A—...— Al < K""4A|
We will also require the following basic lemmas.
Lemma 1 Suppose that A is a set of m? positive real numbers, say they are
0 < a1 < -+ < Qpe,

such that no dyadic interval [z,2z] contains m or more of the a;’s. Then,
for all integers k > 1,
|]{2A‘ > mF.

Proof of the lemma. Let
B = {a1, a2m+1, Gam1s o, G2 —m1 }-
We claim that all the sums
by + -+ b, b€ B, by <--- < by,

are distinct, which would prove the lemma.
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To see this, suppose we had
b4+ b = W+ 4 by,

and suppose without loss that by < bj.. If by < b}, then by < b},/2, and we
have

B, o= byt b= — =, < bi4+b < 20, < U,

a contradiction. So, we can delete by and b) from both sides; and then,
repeating the argument, we get b; =0}, i = 1,2, ..., k, and we are done. M

The following lemma is basically a generalization of a result in [7].

Lemma 2 For all integers r,{ > 1, and for real numbers 0 < ¢; < ¢1(r,{),
0<c <co(r,l,c1) and 0 < & < e(r,l,c1,c3), the following holds for all n
sufficiently large: Suppose A is a set of n real numbers satisfying

IAAl < nite,

and suppose that
A C A B C AM/AD),

satisfy
|IB| > n®, and |A'| > n'~.

Then, there are

_ 2 .
n¥ 0219 bairs (a1, aq) € A’ x A,

such that if we let
Tr = ai1as,

then there exist
n—O(02£+r£25)|B|2

pairs
(b1,02) € B x B, by > by,

such that if we let
d - bl/bg,

then
z, de, d*z, ..., d'z € A A



Proof of the lemma. First, note that
|A” A < |AJA] < nttE
This implies that there exists ¢1,t, € A’ such that there are at least
n?/nite = pl=e
solutions (#},t,) € A’ x A" to the equation
tity = thth.

Put another way, we have t|/t; = ty/t}, for lots of pairs (t|,t,) € A’ x A'.
Note that since each solution to this equation corresponds to an element of
(A’/t1) N (te/A’), it follows that there exists t1,ty € A’ such that if we let

A" = (A//tl) N (tQ/A/),

then |A”| > n'™°. By ensuring that 0 < € < ¢y (which we are allowed to
assume, because the range for £ depends on ¢;) we will have

|A//| > nl—a > nl—cg‘
Of course, this means that if we let ¢ = t1t5 then
A" = AN (t/A) satisfies |A”| = |A"| > n'7c.

Note that
A////A/// g t_l * (A/A/)

What we will show is that for lots of pairs
(e1,69) € A" x A" and y = e, /e,
the set A” /A" contains “lots” of progressions
y, dy, d*y, ..., d‘y, where d € B/B. (1)
If we can do this, then

z, de, &z, ..., d'z € AA', where z = ty.
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Showing that A" /A" contains such a progression as in (1) amounts to
showing that the following system has non-trivial solutions:

bi e

2 4
e bien e bhe e
bg €9 64’ b% €9 66’ ’ bg €9

(2)

€2¢+2

Note that d = by /by € B/B and the ¢; should all belong to A”, making

61/62, 63/64, 65/66, e 62@4_1/6254_2 - A,”/A”/,

as we require.
Another way to write (2) is as

bl €164 = bg €9€3
b%61 € = bg €9€5
14 14
bl €1€2042 = b2€2€2£+1- (3)

Note that since b; € B C A" /A(T) and since e¢; € A” C A’, both sides of
each equation of (3) belongs to
(A(T’Z) /A(rf))(A/)@) C A(T€+2)/A(T’Z)’
which has at most

nl-i—O(rZe)

elements, by Ruzsa-Pliinnecke.
We now will count solutions to (3) by defining a certain mapping: Let
X = (A" x B, and Y := (BY(A"™)?)! and define the mapping
p: X — Y

2 /
(61, €4, €g, €8, ..., €242, bl) - (516’164, 52616’6, e 5161€2£+2),

Every pair of vectors v, w € X such that

corresponds to a (‘collision’) solution to (3).
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The total number of solutions to (4), and therefore also to (3), is given

by
> e )P

z€Y

By Cauchy-Schwarz, this is at least

<Z|90_1(Z)I> /Y] = IX[*/]Y].

To bound this from below, we note that
|X| Z n€+1—0(€cg)|B|’

and
‘Y‘ < (nl—i-O(rZe))Z _ nf—l—O(Mze).

So, the number of solutions in the b;’s and e;’s to the system (3) is
> |X|2/|Y| > n€+2—0(502+7“f28)|B|2. (5)
On average, then, a tuple

(€4, €6, ..., €2042) € (Am)e, (6)

has at least

n2—O(€cg+T’ZZE) ‘B|2

corresponding four-tuples
(61,62,b1,bg) e A” x A” x B x B,

such that the system (3) has a solution (which must be unique, since the
remaining e;’s are determined exactly). Clearly this proves the lemma upon
choosing the tuple (6) producing the greatest number of four-tuples. Note

that having b; > by can be guaranteed simply by taking reciprocals in (2).
|

And now we state two more general-purpose lemmas, the first of which
is perhaps better known as the “Szemeredi cube lemma”, and is used in the
proof of Theorem 1 only, while the other lemma is used in the proofs of both
theorems.



Lemma 3 The following holds for allk > 2, 0 < ¢ < ¢o(k), 0 < e < go(k, )
and n > ng(k,c,€): suppose that A is a set of n real numbers such that

|A.Al < n'te
and suppose that B C A satisfies
|B| > n°.
Then, there exists
01, ..., O € B/B, each §; > 1,

such that for at least
nl=Ox()

values d € A we have that all the numbers
6" ---0)d, where each v; € {0,1},

belong to A. (Note that for each such d, this means that 2% different elements
belong to the set A.)

Proof of the lemma. The proof is inductive: we will construct
D() = A, Dl, ceny Dk g A,

such that
Di = Di—l N (‘92_1 * Di—1)7 1= 1,2, cery ]{Z,

where 0; € B/B, 0; > 1, is chosen greedily to maximize D;, given D;_;.
Suppose that we have already shown that

ID,1| = nl=Ox©),
Then, consider the product set
BD;,y = {bd : be B, de D;1} C A.A.
Since |A.A| < n'™¢, we have that

|BDi—1| S n1+67
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and therefore we easily see that there exist
S,t S B, S/t §£ 91, ...,92‘_1,

such that
(s % Di_1) N (t% Di_q)| > n'~O©)

for € > 0 sufficiently small in terms of k, c.
So, letting 0; = s/t > 1, we are done, because

‘Di—l N (9;1 * Di—1>| = |(S * Di—l) N (t * Di—1>| > nl_ok(c),

as claimed. [ |

Lemma 4 Suppose that C is a set of real numbers, and
1 =09 > 01 > 09 > -+ > 01 > 0
are positive real numbers such that if we define the ratios
a; = 001, i1=1,2,.. k—1,

then for all pairs
c,d € C, c>d,

we have
C/d—l > 2]60&1, ey 2kay,_1.

Nezt, partition C' into any disjoint sets
C =C,UCdly - U,

where fori < j we have that every element of C; is greater than every element
of C;. Let us express this as

C; > Oj, for i < 7.
Then, we have that all sums
c + 02(51 +- 1+ ckék_l, c1 € Cl, ., Ck € Ck,

are distinct.
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Proof of the lemma. Suppose that, on the contrary, two of these sums are
equal. Then, it would mean that

c1+C01+ 01 = ¢+ o+ + k1. (7)

Suppose without loss that ¢; > ¢|. Now let us suppose that, in fact, ¢; > ¢].
Then, we have that

k
/e —1 = Z(c;/c’1 — i/ c})diq.
i=2
From the fact that Cy > Cs, ..., (., we have that the right-hand-side here is
bounded from above in absolute value by

k
2261'—1 < 2]{7(51 < 2koy < 01/0/1—1,
1=2

which is impossible. We conclude that ¢; = ¢].
Now suppose for proof by induction we have shown that
c;=c,1=1,2,3,..,7 where j <k —1.

(2]

We now show that
/
Cj+1 = Cj+17
which would clearly prove the lemma.
We begin by deleting the terms ¢;0;_; and ¢;0;_; from both sides of (7),

fori=1,2,...,7. So, we are left with

k k
Z Cidi1 = Z C;5i—1,
i=j+1 i=j+1
which can be rewritten as
k
(Cj+1/C;'+1 —-1) = Z (CQ/C;'H - Ci/C;'+1) i1 (8)
i=j+2

where
51/ = 51/5] < (070 Z:]+1,,k—1
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We assume without loss that c;1 > ¢),,. If, in fact, ¢j;1 > ¢}, then the
absolute value of the right-hand-side of (8) is clearly bounded from above by

/
2kajia < /¢ — 1

which is a contradiction. We conclude that c;y; = ¢}, and therefore the
induction step is proved, as is the lemma. |

3 Proof of Theorem 1

We suppose that the elements of A are
ap < ap < -+ < Qy,

which we assume are all positive by the remarks at the beginning of section
2.

Let 0 < 0 < 1/2 be some parameter that we will choose as small as needed
later, and let £ > 2 be some parameter that we will let depend on A later.
Let

s = |n?],
and set
B = {aj, aj+1, ceey aj+s},
where j is chosen so that
@jts/a; is minimal. (9)

We may assume that B lies in some interval
B C [z,2q],

since otherwise no consecutive block of s+ 1 elements of A lies in an interval
of this form; and therefore, by Lemma 1, we could conclude that

KA > nb?,

which would prove our theorem.
Having B lie in a dyadic interval implies that all ratios 6 = by /by, by, bs €
B, by < by, satisfy
-1 € [0,1).

13



Next, let ¢ = § and apply Lemma 3. Let 6,...,0,_1 € B/B denote the
numbers that result from this lemma (using & — 1 in place of k). Let Cj

denote the set of all n'~9% () elements d € A that the lemma produces, and
write

Co = {c1, ew}, 1 <y < <y, n' > nt7O0),
Then, let

C = {C1, Cipshoks Claashars Closshor, s Clﬂ(n/—l)/skzkjskzk}

be the set of every sk2Fth element of Cy. Note that since the elements
0; € B/B, and B satisfies (9), we have that

2k
Hj < 02/01, 01,0260, Co > Cq,

and therefore
2]{3(9] — 1) < 9]2k -1 < 02/01 — 1.

It follows that if we let
§ = (O —1)(02—1)---(0;—1), i1 =1,2,.... k=1,
then we have for i = 1,2, ...,k — 2 that
dix1/0; = 01— 1 < (cafcr — 1) /2k.

We almost are ready to apply Lemma 4 — all we have to do is partition
C, which we do simply by letting

C = CiU---UCy,

where C) consists of the largest ||C|/k] elements of C, Cy consists of the
next largest [|C|/k| elements of C, and so on.
Lemma 4 now tells us that all the sums

¢+ 01 + -+ epdip—1, ¢ € G, (10)
are distinct. This then results in
> (|C]/k)F >, nF1-0x@),
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distinct sums.

These sums, in turn, can be re-written as just sums and differences of
elements from A as follows: by expressing the d;_; back in terms of the 6;’s,
we find that

ciéi_l = ci(ﬁl — 1) s (Qi_l — 1) = (—1)i_lci —+ <—1)i_2¢91Ci + -
Each term here looks like
+e; 07" -+ 677", where v; € {0, 1},

and we know from our use of Lemma 3 that all such numbers belong to £A.
It is easy to see, then, that all the sums (10) can be re-expressed as
elements of KA — LA, where

KL < 2824983 441 < 2k 1

So,
1281A|2 > |KA|-|LA| > |KA— LA > n*1-0x)

from which it follows that upon letting h = 2871,

|hA‘ > nlog(h)/2log2+1/2—gh(5)’

where ¢,(d) — 0 as § — 0. Of course, this only works for when h is a power
of 2; by bounding general h between two consecutive powers of 2, we can
conclude that

|hA| > plog(h/2)/210g2+1/2-gn(6)

This completes the proof of our theorem, by choosing 6 > 0 small enough,
and then choosing € > 0 even smaller as appropriate for Lemma 3.

4 Proof of Theorem 2

Write out the elements of A in incresing order as
a; < ay < - < Qy,

which we assume are all positive by the remarks at the beginning of section
2.
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Let 6 > 0 be some parameter that we will choose later as function of h
alone, and let s and B be as in the beginning of the proof of Theorem 1. In
fact, we may assume that

B C [r,(1+1/3(h))],

for any function v(h) > 0 we please. The reason is that if this minimal set
B exceeds this interval, and if a; is the smallest element of B, then

la, ajrzs] 2 [z, (1+9(R)"a] 2 [w,24],

for L large enough. And so, we may again deduce (as in the proof of Theorem
1), using Lemma 1, that

IhA| > nf*)

which would prove our theorem.

As in the proof of Theorem 1, we may assume that the elements of B lie
in some dyadic interval [z, 2z], upon applying Lemma 1.

Let k > 2 be some parameter that is to depend on h, that we will choose
later.

We now apply Lemma 2 using { = M, r=1,¢; =9, A’ = A (so c5 = 0)
and € > 0 as small as needed in terms of M and §, where the precise value
of M will be determined below, and will depend only on h. So, there exists

9 € B/B, 0 > 1,

such that for at least
|A|2—O(£26)

pairs
(al,ag) € A,

we have that if we let y = ajas, then
y, yb, ..., yo* € A.A. (11)
So, there exists a; € A and 0 € B/B, 0 > 1, such that there are
|A‘1—0(525) (12)

values as € A such that for y = ajay we have that (11) holds.
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If we let the special elements ay € A be
{ag,..naq,}, n' > pl-00),

then we define

C = {agy, g 1> Qg 0o Gw—1)/ vl Lval+1 ) © {@a - g, 3 (13)

Note that C' is basically a “well-separated” subset of those special elements
as € A; and, in fact, if § < 1/2, so that s < n'/2, they are so well-separated
that that all ratios c3/cq, ¢1,c2 € C, ¢y > ¢1, have the property that

02/01 > 6. (14)

Now we apply Corollary 1, letting
fix), j=1,2.k—1

be polynomials having at most j2(logj + loglogj + O(1)), j = 1,....,k — 1,
terms each, each with coefficients only 0,1, or —1, that vanish at z = 1 to
the orders 1,2, 3, ..., k — 1, respectively. Then we let

M = max(deg(f),...,deg(fr 1)),

which is a parameter that came up earlier in the proof of the present theorem
(Theorem 2). Note that M does not depend on n — it depends on k, and
therefore on h.
Next, we set
52' = fz(ﬁ), 1= 1, 2, ceuy k—1.

Since fi11(x)/fi(x) vanishes at x = 1 to order 1, and since # € B/B and
6 € [1,2), we have that if we set

oy = 61’/52'—17 1= 2,3, ,]{7 - 1,
then for every ¢, cs € C, ¢ > ¢1, we have from (14) that
02/01—1 > 0—1 > ooy > 0.

(Note that the implied constant here depends on the sizes of the coefficients
¢; in Corollary 1, and we know that these coefficients are rational numbers
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that depend on k.) But, in fact, if 6 > 0 is small enough, then for ¢, ¢ € C,|
¢y > 1, we can assume that for any function (k) of k,

97(’“) < 02/01;
and so, we may assume
cofcr —1 > 2ka; > 0.

So, if we let C} be the largest ||C|/k] elements of C', Cy be the second largest
||C|/k] elements of C', and so on, down to C}, then upon applying Lemma
4, we have that all sums

ay +ag f1(0) + - + ar fu(0), a; € C, (15)
are distinct. Since each C; satisfies
|Ci| >k 0t/

for 6 > 0 small enough (and ¢ > 0 small enough in terms of § and h), we
deduce that this produces n**) distinct sums. Now, because

ai, a0, ..., ;0™ € A.A,

by design, we have that upon expanding out these polynomials f; in (15) into
powers of 6, we find that these n®) sums are, in fact, elements of KA — LA,
where

KL < (124+22 4.+ (k—1)?/2)(logk +loglogk + O(1)) < k*logk.
It follows that
[(ck®logk)(A.A)]? > |K(A.A) — L(A.A)| > n®®.

This clearly proves the theorem upon letting k > (h/log h)'/3.
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